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Results

o of higher order (more than two) tensors is firstly
(theoretically) achieved

— We present a balancing algorithm and prove its global convergence

- A fast balancing algorithm with using

— An existing algorithm is linear convergence

- [Theory] We provide of probability
distributions with the

— Tensor balancing is an instance
1/23



Matrix Balancing
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Matrix Balancing
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Matrix Balancing

- Problem setting:
Given a nonnegative matrix P = (p;;) € RY™", find r,s € R" s.t.

(RPS)1=1 and (P)T1=1

- R =diag(r), S = diag(s)
- Each entryis givenasp';; = p;;s;

- A fundamental process to analyze and compare matrices
in a wide range of applications

— Input-output analysis in economics, seat assignments in elections,
Hi-C data analysis, Sudoku puzzle

— Approximate Wasserstein distance 3/23



Results on Hessenberg Matrix

Number of iterations

108
10°—
10%—

10°

AN £

X
- X
¢ X

N0O-000-000-0O

10 —

10

I [ [ 1 I
50 500 5000

n

—
o
S

—
o
N

Running time (sec.)

_ ~ 0
/\ O
o A /C>
P O
A ,é,o/
zxs"é,
-
10 50 500 5000
n

—(O— Newton (proposed) -\ - Sinkhorn --->¢-- BNEWT

4/23



Results on Hessenberg Matrix (n = 20)
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Results on Trefethen Matrix
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Overview

Given Statistical manifold &
tensor A / (dually flat Riemannian manifold)

> O\Probability distribution P

\

l Tensor balancing ": Projection
Multistochastic E Submanifold &(8)
tensor A’ = | 4

— | «—v 1 >0V
% Every fiber —~1 Projected
~ sums to 1

distribution Pg
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Partially Ordered Set

- Partially ordered set ( ) (S, <)

(i) x = x (reflexivity)
(i) x <y, y £ x = x =y (antisymmetry)
(iii) x <y, y <z= x < z(transitivity)

— We assume that S is finite and includes
the least element (bottom) L € S

O O - Equivalent to a DAG
— Each x € Sisanode

- x <y < yisreachable from x
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Log-Linear Model on Poset

- A probability vector p:S - (o,1)
St ) e p(x) =1
— (Normalized) weight for each node

Each x € Shas a triple:
(p(x), 6(x), n(x))

----------

-
P
-,

v+ Weintroduce 6:S - Rand n:S - Ras

\‘~
- -
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Our Model Includes Binary Case

« Our model

logp(x) =) 6(s), n(x)=) pls)

S<X s2X
is generalization of the log-linear model
on binary vectors with x € {0,1}" = S:

log p(x Z 6'x' +Z/<,61XIXJ+
+0" " x'x* . x =y,
n' = E[x']=Pr(x' =1),

n" =E[x'x'1=Prix' = x =1),...
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Dually Flat Structure

- Band nforma
V(6) =n, Vo(n) =6
- () =-6(L) = —logp(L), @(n) =) ,es P(X)log p(x)

— (6) and ¢(n) are connected via the

o(n) = mezg\X(G’n - w(e’)), 6'n=) oo, @)

o (0)and ¢(n) should be convex
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Gradient and Riemannian Manifold

- The gradients: g(6) =

— The manifold (

gxy

Ixy(n) =

and

QU

n(x

QU
CDQD

QU

QU

ny)

are the

VVY(6) =

Z x,s)Cly,s)p(s

S

=)

S

€S

€S

5, X

s, y)p(s)”

and the

vn, g(n) =

- n(x)nly)

determined by the partial order (DAG) structure

S,g())isa

the set S of probability vectors and the

with

VVo(n) =

Vo

g(¢)
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Fisher Information Matrix and Orthogonality

- Since g(€) coincides with the
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Mobius Function on Poset

(:SxS - {o,1}
1 ifs < x,
(s, x) = { o otherwise.
USXS > 7
1 ifx=y,
H(X:)’)= _szs<y“(x'5) ifX<y,
0 otherwise

- We have (u =1,i.e,

XSES C(Sl y)H(X,S) = XXSSSy I“l(Xl S) = 6xy
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e-Projection and m-Projection

e-projection p  6(x) =a(x)

1 —O— Vxe€A
] X
m-projection|: A
PQ 1) = B )
‘'VxeB=S"/A —
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e-Projection and m-Projection

/ MLE
e-projection p
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Compute e-Projection by Newton’s Method

- Each step of Newton’s method:

1900 - ()|, |

— Jisthe |dom(f)| x |[dom(B)| Jacobian matrix given as
(t)(

arl(pf;(x) Z (1) (t)
= X,S ylsp,B (S)_nP X)nP (y)
89532 ()/) seS ’ i

for each x, y € dom(p)

Jyy =
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Problem Setting
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View Matrix as Poset

Pun Piz2 P13 Pia P11 P12 P13 Pa

2 A A

P21 P22 P23 Paa P21~ P22~ P23 Paa

P31 P32 P33 Paza * * * *
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 Pa1 Pa2 Paz Paa | * * * *

Par™ Pax™ Paz™ Paa
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Introduce 6 and n

Pn P2 Pz Pia N> N2> Nz Na

P21 P22 P23 Paa 1> By O3> Or

P31 P32 P33 Paza * * * *
N31— O3, 033> 034

 Pa1 Pa2 Paz Paa | * * * *

Matrix balancing is achieved if: Na1=> B4z 05— Oas
NM=4Na1=3Nn=2Na=1

M=4N2=3,N3=2,Na1=1
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Introduce 6 and n
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:> N> 02— 053> 04
P31 P32 P33 Pza * * * *
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Matrix balancing is achieved if: N N

I =4, MN21 =3, I3 =2, MNa = 1

Mm=4N2=3,N3=2,Na1=1
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Introduce 6 and n
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 Pa1 Pa2 Paz Paa | * * * *

Matrix balancing is achieved if: N4> Oay—> Oas—> Ous
N = 4, N2 = 3, N3 = 2, MNa = 1
Mm=4N2=3,N3=2,Na1=1
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Introduce 6 and n
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Matrix balancing is achieved if:
Mm=4Nn1=3,Nn1=2,Na=1
NMi=4N2=3,M3=2,Na1 =1
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Introd

uce 6 and n
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e-Projection = Balancing

Pn P2 Pz Pia N N2 171Nz 7 N4
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Remove Zeros If Exists

P
P2
P31

P 0 O
P22 P23 Paa

P32 0 P3za

| 0 Paz2 Paz Paa |
Matrix balancing is achieved if:
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Conclusion

« We have achieved with

« We have introduced the into distribution of

- Discrete structure + Information Geometry
= original and significant data analysis methods!
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Appendix
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Mobius Inversion

- The
[Rota (1964)]:
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Mobius Function Is Generalization of
Inclusion-Exclusion Principle

- Forsets A, B, C,
JAUBUC|=|Al+|B|+|C|-|AnB|-|BNnC|-|AnC|+|AnBnC(|

- In general, for A,, A,,..., A,

- The Mo6bius function u is the generalization of “

(A

jeJ

Jcfa,.. n} J#@

n
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m-Projection

- Submanifold by 8: S(B) = {P € S | 65(x) = B(x), ¥Yx € dom(p)}

of P € S onto S(B) is Pz € S(B) s.t.
{ Op,(x) = B(x) if x € dom(p),
Ney(x) = np(x) ifx €(S\{L})\ dom(B)
— This is the of the KL divergence from P to S(f):
Pg = argmin g g(g) D[P, Q]
— The projected distribution P;

. DKL[P, Q] = DKL[PI PB] + DKL[P,BI Q]

for all Q € S(B) A-3/A-6



e-Projection

- Submanifold by B: S(B) = {P € S | np(x) = B(x), Vx € dom(B)}

of P € S onto S(B) is Pz € S(B) s.t.
{ Op,(x) = 6p(x) ifx €(S\{L})\dom(B),
1r,(x) = B(x) if x € dom(p)
— This is the of the KL divergence from P to S(f):
Pg = argmin g g(g) D[P, Q]
— The projected distribution P;

. DKL[P, Q] = DKL[PI PB] + DKL[P,BI Q]

forall Q € S(B) A-4/A-6



Computation of e-Projection

- Given P and 3, we compute P such that
{ Op,(x) = 0p(x) ifx €(S\{L})\dom(B),
1e,(x) = B(x)  if x € dom(p)
- Initialize with P[(;’) = P and, at each step t,
update nf,tﬁ)(x) for x € dom(p)

— Since 6 and n are , we can change ng,z(x)
while fixing 62 (y) for y ¢ dom(f)

A-5/A-6



Matrix And Tensor Balancing

- Given a nonnegative matrix P = (p;;) € R}™", find r,s € R" s.t.
(RPS1=1 and (RPS)'1=1, where R = diag(r), S = diag(s)

- Given atensor P € R ™™ withn, =--- = ny =n,

find (N —1) ordertensors R ,R",..., R st.Vm € [N]

N, X*XN_,XN X+XN
P’Xm1=1(€R1 m—1 m+1 N)

- Eachentryp; ;. ;. of the balanced tensor P'is given as
pli1i2...iN = Piiy...in ]—[
me[N]

— The balanced tensor P' is called

A-6/A-6
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